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DETERMINING POINIS OF A CIRCULAR REGIONM

REACRABLE BY JOINTS OF A ROBOT ARM

John Hopcroft
Deborah Joseph

Sue Whitelidu*

Computer Science Department

Cornell University

\V ' Abstract
An "arm™ is s sequence of links whose endpoints srs comnected comsecu-
tively by movable joints. The location of the first endpoint is fixed. This
report gives & poiynomial time slgorithm for determining the regions that each

joint can reach when the arm is restricted to & circular region of the plane.

1. Iatzeduction N

In an eariier report L1J, we gave s polynomial time algorithm for deter-
aining whether tbe end of an arm can reach a given point trom a given initisl
configuration when the arm is restricted to a circulsr region of the plane.
In this report, we give a polynomial time algorithm for computing the boun-

daries of the zagions each joint can reach. The presentation assumes some

This work was supported in part by OMR comtract N00O14-76-C-0018,
N8Y grant MCS81-01220, an NSF Postdoctoral Fellowsip and a Dart-
south College Junior Faculty Fellowship.

*0n leave from the Mathematics Department, Dartmouth Coilege.
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familarity with the earlier report.

An axm consists of a sequence of n links Ll.....l.Il that are hinged
together consecutively st their endpoints. The links may rotate treely about
their joints and are allowed to cross over one another. The endpoints are
consecutively labeled ‘o"""n’ and the length of Li is denoted by l'i.' The

location of ‘o remsains tixed in the plane.

Consider an embedding ot the arm inside a circle C with center O, radius
r and diameter d. Let 8 j be the set of points to which ‘j can be moved, and
let Rj =z Cn8 j be the points that ‘j can reach on the circle C. In the eariier
report L1J, wve showed that lj consists of at most two arcs of C. A point p is
on the houndaxy of 8 3 it, and only if, each neighborhood of p coutains a point
that belongs to sj and 8 point inside or omn C that does not belong to § i
Normally the only points of lj that are boundary points are the sndponta of

the arcs.

We will show that for each j, O£jsu, the boundary of 8. can be covered by

J
a8 tinite number of circles. Furthermore, the number of circles needed for s
given joint is bounded above by a constant that does not depend on the arm in
any wvay. The entire process of computing the centers and radii of the circles
needed for esch joint in turn is p(n), where p(n) is a polynomial in the
pumber ot links. It is then straight forward to piece together the actual
boundary of each region 8 j once a set of covering circles has been found. Omne
begins with the circle C snd selects ome of the possible boundary circles,
tests whether the circle is in tact & boundary (using the slgoritim described
in [1]) and if so intersects it with the circle C and then proceeds with the

next possibie boundary cizcle.
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The proof that the boundary of any 8 j can be covered by a constant number
of circles is quite techmical and involves handling many special cases. We
have organiszed the details into several sections whose countents wve now briefly

outline.

Section 2 cousiders the possibility that Ao is not the only "tixed"
joint. By our detinition of "arm™, ‘o is the only joint that is tastemed to
the plane. However, it may be that other joints sre eftectively fixed for
geometric reasons. PFor agpl.c. ‘o may be located on C, and the first link l.1
may have length equal to the diameter d of C so that the locatiom of joint Al
cannot change. Theorem 1 shows thbat there is a joint index j such that the
location of ‘i. can change if, and omly it, j<i€n. PFurthermore, this index can
be found quickly. This result tskes care of regions consisting of single
points and allows us to assume without loss of generality that Ao is the only

tixed joint.

Section 3 introduces “basic™ circles and “elbows™. Basic circles are

natural candidates for inclusion in a cover of the boundary of s region sj by

circles. For example, C itself will be called & basic circle. Joints are
called "elbows® if they lie oft C but are neither straight mnor folded. If
g can often be held
tixed while "k is moved to points in an open set comtaining the original loca-

there is an elbow between ‘1 and Lt. then the locatiom of A

tion of ‘k' Hence elbows are important because they can tell us that a joint
is not on the boundary of its region. The lemmas given in Section 3 are com-

cerned with the occurrence of elbows.

In Section &, it is shown in Theorem 2 that as loog as & joint A, is not

on & "basic” circle, then some joint ‘j' 0 <j<m, must be on C it A- is on

the boundary of its region. These joints om C can be thought of as dividing
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the part of the arm between ‘o and A. into "segments™. Theorem 3 shows that
?’ the intermediate segments consist of straight lines of links while the initial

and tinal segments may each have one joint that is folded.

In Section 5, the possibility that the final segment lies on a diagonsl

of C is handled as a special case. This special case motivates the definition

L, of "supplementary” circles, which are then assumed to belong to the covering
sets for the boundaries of the regions. The main result of this sectiom is
Theorem 5, which lists the ponibic configurations for the part of the arm
betwveen ‘o and A- when A. is on the boundary of its region but is located at a

point not covered by & basic or oupplﬁcntuy circle.

kD P4 ererriRa

The main result of the entire paper, the tact that the number of covering

[RERtRe et

circles needed is bounded by s constant independent of the arm, is given in

Theorem 6 of Sectiom 6. The proof consists of handiing each of the configura-
tions enumerated in Theorem 5. The machinery needed to do this is given in
Lemmss 6-8. These Lemmas state that either certain inequalities in the

lengths of links bhold, or certain configurations caannot place A- on the boun-

oy ¢

{ dary ot s.. These inequalities restrict the possibilities for the last joint
‘j os C bcﬁrc A.. The possible locations for A i then become centers for cov-
1 ering circles of radii determined by the final segment before A-.

Before we begin the technical sections, we mention two notational
: matters. First, an expression such as "Joint Aj is hatwasn Ai and AT usually
means that i < j < k, not that ‘j lies between ‘i and Ak on the line they
determine in the plasne. Another example of this usage is “"Joint x is heyond
or BaAt jotn.t y+" meaning x has the higher index. It should be clear from the

context when the words "between™ and “beyond™ are used in a geometric way.

Second, if joints ‘1 and ‘j are connected by a straight line made up of links

................

o«
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I‘iﬂ""'l'j' ve will demote this line of links by LAiAjJ snd the length

1 ’ooo*lj of this line b, 'L‘i‘jjlo

i+l

4. Datarmining the Ismoxabls Joints

Given an arm with ‘o tixed, it may be the case that certain other ‘i are
immovable. TYor example, if L° is fixed on C and 11 = d, then certainly the
location of ‘1 cannot change. Another example of an immovable joint beyond Ao
is shown in Figure 1.

Figure 1. Joints ‘o"! cannot move.

In general, it ‘o lies at & point distance ‘o trom C, d° 20 or r, and if 11
satisties l.1 24~ d° * 1'1*“"11-1' then joints ‘o"""i are effectively
fized. In Theorem 1, we prove that the immovable joints form & consecutive
sequence from ‘o up to some "k' where k can be computed in time on the order
of a polynomial in n. After proving this ve wvill sssume without loss of gen-

erality that k=0 so that A1 and its successors are free to move.

Ihaozam 1: Suppose an arm is constrained to move inside a circle C snd that x

is the last tixed joint of the arm, i.e., the last joint whose set of reach-

able poiats contains only one element. Then the joints (it any) between Ao
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and x must be fixed. Furthermore, X can be tfound in p(n) time, where p is a

polynomial in the number n of links.

RGO PR

Bzoof: In LlJ, it vas shown that an arm can alvays be moved to a certain
. ®*normal fora" in which a straight line of links LAoAiJ stretches trom ‘o along
. a radius towsrd C, where 11+...+li is equal to or less than the distance d °
from Lo to C but 11+...+11+1 is greater than do. (See Figure 2.)
d
)
.
3
:
1
}
3
]
‘
_' A4
%
:
&
£ i
A
Figure 2. Arms in normal form A . is the first joint for which 11-+...¢1£ﬂ
exceeds d , the di.uaic between L° and C, _
‘f’ The joint ‘1 BaYy OT may not lie on C, depending on whether 11+...¢11$d o holds
” with equality. However, in this normal form all joints beyond ‘1 lie on C,
|
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Note that if 11>d°. perhaps because Ao is on C, then Ai=Ao and the line of

links LAoAi.I is empty. Also note that I'i.+1 may lie on the diagomal through Ao

even though it is too long to fit on the radius. (See Figure l.) Obviously,
the location of any immovable joint must be consistent with this normal form.

This fact is useful in determining which joints are immovable.

If Ao is positioned at 0, th’ center of C, or if 11+...+1n$d° so that
the arm at best can just reach C, it is obvious that the last immovable joint
Lk is Ao itself. This is because the entire arm can be rotated about Ao. Ve
assume from now on that ‘o is not at 0 and that 11+...+ln>do. We also assume

that the arm has been moved to normal form.

We begin by showing that if Ao is not the only immovable joint, that is,
if Lk$A°. then Ai.ﬂ and all its predecessors must be fixed, where agsain, Ai is
the last joint such that l‘l through I'i. form s straight segment that lies om
the radius through Ao vhen the arm is in normal form. The cases A1=A° and

Aiuo will be treated separately.

If ‘k"o but A =A° so that Ao itselt is the last joint on the radius,

i
then either l‘]. must cross over 0 in reaching from Ao to Al on C or I.2 must be
as long as the diameter d of C. Otherwise, allL joints beyond A° would be able
to move, contradicting the assumption that "k“o' 1f I.1 crosses over 0 or if

1,zd, then ‘1 is tixed.

2

Iz ‘k"o and Aino 80 that there is at least one link on the radius, Li-rl
must cross 0 in reaching from ‘:. to ‘14-1 on C. Otherwise, all joints beyond
Ao would be able to move. The fact that th crosses 0 implies that ‘i.+1 is
fixed on C, as it cannot move closer to ‘o' Also, all joints between ‘o and

‘1#1 sre tixed because they can move neither tarther trom ‘o nor closer to

e L artes mpas ave W-_.'-.-_ e e ———_—. L W R W T TR WP R TR
PEPSUES A LA MO AN R I N S AR S S W et T T e e T T T e e
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&{, - This completes the proof that it A xA , A, , and all its predecessors

’ :‘r. fixed,

Now note that if ‘j is apy immovable joint lying om C, all joints beyond
Aj can move unless 15*134 or lj*ztd. “Also it either of these conditions is
satisfied, then Ajﬂ is immovable. This implies that each successor of ‘i*l

up to A, must be imsovable.
It is easy to see that "k can be found in polynomial time. LU

d. Some Praliminary Lemmas

We now begin the determination of the boundaries of sj. In light of

Theorem 1, let us adopt the notation that Ao is the laat fixed Jjoint of tha

Given a joi.nt A. beyond Ao' we wvant to build up a small colliection of
ci.rcm. vhose union covers the boundary of the set s. of points A‘ can resch.
In order to tind such a collection quickiy and essily., ua do not insist that
aach gcizcle in the collection contain a boundary poisnt.

There are four circles, not necessarily distinct, that it is natural to
place in the collection immediately ~- namely, the two circles centered at O
whose radii correspond to the minimum and maximum distances that A‘ can move
off C, and two circles centered at Ao whose radii are obvious bounds for the
ninimom and maximom distances that A can move from A, These circles, whach

we calil haaic circles, are discussed in more detail below.

Ia L1) it w» shown that the minimum and maximum distances that a joiant
ceB mOvVe ‘- m \ can be computed in p(n) steps, where p is a polynomial in the

sumber of links. Hence th‘c first two Dbasic circles can be tound quickly.

?
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(Note that one of these is often C itselt and that the other may consist of
the point 0 considered as & circle of zero radius.) Summing the lengths of the
links preceeding Am gives an upper bound tor the maximum digtance An can move

from ‘o' If Am is preceded by a link L j that is so long that

2

1, >0,
i=l,i%j

A Y

then this difference gives a positive lower bound for the minimum distance
betwveen Ao and Am; otherwvise, 0 is a bound. The two remaining basic circles
are defined to be the circles centered at Ao vith these radii, wvhich are easy

to compute.

Before continuing to build up a collection of circles covering the boun-
dary points of Sm. ve first need to observe some facts about joints. These

are developed m Lemmas 1 through 3 below.

Consider a joint ‘j that does nmot lie on the circlie C. If Lj and L.

j*l
is said to be a fald or a straight joint,

If Aj does not lie on the circle and is open to any other

form a 0°(=360°) v 180° angle, Aj
respectively.
angle, it is called an glhaw. (It is important to note that the definition of
an elbow requires that the joint not be on C.) The next lemma gives a simple

but fundsmentsl observation about elbows.

Lenma 1: Suppose that no joint strictly between Ai and Ak lies on circle C

but that some joint Aj between them is an elbow (Ai and "k mAy or may not lie

on C.) Then the location of A, can be held fixed while A.k is moved to all

i

those points in some open ball centered at Ak that do not violate the minimum
and maximum distances that "k can be located from the circle. (See Figures 3a

and b.)

A
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Figure 3a. The elbow at A. enables A’k to reach the points in the shaded area
while the location ot A, Temains fixed.

Ay

Figure 3b. Link L 1s so long that A'k cannot reach any points inside the
dashed circle.

2xogf: Note that the distance between Ai and Ak can be both increased
and decreased by adjusting the angle at Aj. Simultaneously, the entire confi-
guration of links between ‘i and A.k can be rotated about Ai. provided that the
links beyond A‘k do not prevent this motion. But (Ll1] showed that the links
beyond a given joint never comstrain its motion along any path that stays

within the minimum and maximum distances that the joint can be located oft C.




Another basic observation is that a fold can sometimes be turned into an

elbow.

Lemma 2: Suppose that u and v are two joints of an arm enclosed in circle C
and that all joints between u and v are straignht with one exception, x, which
is a folded joint not lying on C. If the lines of links Lxu) and [xv] from x
to u and X t0 v are noL equal in length and if the longer contains at least
two links, then an elbow can be created at x without changing the locations of
u and v. If the lines Lxul and Lxvl (possibly of equal length) gach contain
at least tyo links, then again, x csn be turned into an elbow without moving u

and v. (See Figure 4.)

Bxpot: If ILlxu)) = Ilxvli, the second statement is obvious. It [LxuJ| =
ILxvil, let the line Lxu) be the longer one, and let y be a joint between x
and u. With the locations of u snd v fixed, the line Lyul can be rotated
about u, forcing y to move suAy from v. This can be done because y can be
moved awvay trom v by opening x, and at the same time, the configuration
between v and y can be rotated about v to keep y on & circle of radius |Lyull

centered at u. L

X y u y u
—a———=0 4 e————=0 o o
v - - - // ‘ /
- ”’ /
.“i' \ / -
‘._._ -
a) Ilxyll s [Lxvl] b) Ilxydl > iLlxvil

Figure 4. Creating an elbow at x.

A final basic observation is that an elbow can be created from two folds
that are joined by a straight line of links unless the line consists ot a sin-

gle "long” link.

.....




Lemma 3: Let u and v be joints of an arm embedded in a circle C. Suppose all
joints strictly between u and v gre straight with two exceptions, which are
folds. Then the locations of u and v can be held fixed while the arm is moved
to creste an elbow betwveen u and v unless the folds are joined by a single
link that is at least as long as the sum of the lengths of all the other links

between u and v.

Broof: Let x and y be the folds, and let u, x, y, v be the order of the

joints in the arm. First, suppose that ILux])! 2 [Lxyll. (See Figure 5a.)

u X

Q X
.. —"2.
y . v y v
s) IluxJl 2 ILxyJl b) Iluxli < IlxylJ| and
ILxyJl < 1lux]| + [Lyvd|
u x

Yy w
¢) Ilxyll 2 Ilux]i + Ilyvil

Figure 5. A Pair of folds., An elbow can be created between u and v except

in ¢) when Lxyl) is a single link.

L Rk

k P

Then the locations of u snd v can be kept fixed, and also ali angles except

E’; those at u, X, ¥y, and v can be kept fixed, while Lyv] is rotated about v.
t This is because y wvill be moving away from u, which can be sccomplished by
:-i opening the folded joint x into an elbow. The configuration between u and y
EE can be rotated about u to give y the proper angular displacement with respect
g

V to u and v.

,

b

g Now suppose that {Lux)] < |Lxy)| and that IlxyJ! < |Luxl] + Ilyvil. (See

Figure 5b.) Then while the locations of u and v are held fixed, [ux] can be

L

Ve

Y T,

----------------
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rotated about u, which moves x ayay from v, by unfolding y into am elbow and

rotating the configuration between v and x sbout v.

The only remaining possibility is that (LxylJ! 2 {Luxj! + |(yvll, as shown
in Pigure 5c. Then an elbow can be crested unless x and y sre joined by a
single link. U

Corallary: Let u and v be joints of an arm embedded in a circle. Suppose all
joints strictly between u and v are straight joints or folds. If there are
three or more folds between u and v, then the locations of u and v can be held

fixed while the arm is moved to creste an elbow between u and v.

2xoot: Let e, £, and g be the first three folds past u between u and v.
Let h be the next fold past g if one exists; otherwise, let h be v. If an
elbow cannot be created between u and v, then Lemma 3 spplied to u, e, £ and g
shows that lLef)l > IlLfgll. But Lesma 3 applied to e £, g and h shows that
ILfgl] > IlefJ!, & contradiction. U

4. Sagmenta

Now we are ready to continue studying the boundary ot s.. u>0. In this
section, we show thst when & configuration of the arm places A- on the boun-
dary of 8- but not on a basic circle, the part of the arm between Ao and A-
divides into an inil:ia.l segment reaching trom Ao to C, possibly some inter-
mediate segments between joints on C, and a final segment reaching from a
joint on C to ‘n' The intermediate segments consist of straight lines of
links, but the initial and final segments may each contain a joint that is not
straight. The next theorem shows tnat': there must be a joint between ‘o and A-

that lies on C.
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Ihaorem 2: If the arm has been moved so that A- lies on the boundary of s-
but does not lie on a basic circle, then some joint strictly between ‘o and A.

nust lie on circle C.

Rrogf: Suppose that there is no joint ‘1' 0<i<m, that lies omn C. 8ince
A- is on the boundary of s_ but not at its minimum or maximum distance from C,
Lesms 1 implies that there can be no elbows between ‘o and A-. and the corol-
lary to Lemma 3 implies that there can be no more than two folds. There can-
not be exactly two folds between A° and A-. since it follows from Lemms 3 that
A‘ would be g3 close as possible to ‘o' contradicting the assumption that A-
is not on a basic circle. There canmot be exactly one fold between Ao and A-
as the longer straight line of iinks would be either a single link, putting A-
on a basic circles, or a sultiple~link line, which according to Lemma 2 allows
the formation of an elbow. Om the other hand, it all the joints between

‘o and A- were straight, A. would be o s basic circle. U

Suppose that the arm has been moved so that L. is on the boundary of s_
but not on a basic circle. Them A- is not om C but, according to Theorem 2,
ve can find some last joint between ‘o and A that is on C. Ve will say that
the links between this last joint and A. torm the final aegment of tha confi-
guxation hafora L-. or simply, the £final ssgmept. 8imilarly, we will say that
the links between A° and the first joint havond ‘o on C form the initial aag-

mant of the configuration. (Eere, A° may or may not be on C.)

It is clear from Lemmas 1, 2, and 3 that the final ssgmant is mada up of
sithax a atraight lins of links fzom a joint on G £o A or A singls liok from
a jaint oa € 20 A £old that is followad by a atzaight line of lipka to A . In
either case, the final segment lies along s line. The next lemms will help us

to shov that if A. is on the boundary of § - but not on a basic circle, then

............. P I A T I S S A UL I UL N R Lte e T s PN
A - - P R S T S RN ST
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4
‘gi‘ the counfiguration of the arm has no elbows snywhere before A. snd only two
:: joints that might be folds. Also, it will ensble us to treat the possibility
z that the final segment lies on & diagonal of C as & special case.
\,‘f’ lemma 4: Suppose that sn arm has been moved to a position that places A a ©8
the boundary of 8- but not on a basic circle. If the final segment before A-
3} begins at ‘i on C and lies on a diagonal of C, then l;. the arc of sinc to
3 ' vhich A, belongs, consists of a single point.
& Broof: Since A does not lie on a basic circle, A canmot be located at
% 0. For the same reasom, if A- lies on the opposite side of 0 from ‘i’ the
4 final segment must be & multiple-iink straight line. But then A- caunot be on
“; the boundary of 8- unless l; is a single point. To see this, note that the
;, distance between L. and C can be decressed by rotating the finsl segment sbout
' Ai and that it can be increased by bending s joint in the final segment. (See
i Figure 6a.) Also, I.Ait‘.l can be rotated about ‘i' and ‘i. can be repositioned
" along l;_ to make A- sweep out arcs of circles. (See Figure 6b.) Taken
‘cﬁ .
together, these circular arcs cover an open ball centered st the original
:: position of A- unless l; is & single point. (It may not be possible to slide
: Ai. along li.' without removing ‘i. trom C. Neverthelese, ‘i can be repositioned
anyvhere along R.°', and the oriemtation of I.AiA-J can be restored to achieve
- the same etfect. See L1J.)
¥
» Suppose A- lies between ‘1 and 0 and that the final segment is a single
: link., If "1' is not s single point, then L- can be moved along arcs of cir-
*3
& cles centered st 0 and having radii at least r-ILA,A_Jl. (See Figure 7a.) This
¥
is because [A;A_] can be rotated about A, to move A tarther trom 0, and then
; A; can be repositioned along R,' with LA,A ) in its new angular position. To
4 contradict the assumption that A‘ is on the boundary of 8.. it remains oaly to
A
K¢
. .
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.........
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a) can be moved to points on the dashed arcs by bending A, , and then
tating the configuration between Ai and A- back and toéﬂl about Ai.
while keeping the location of ‘i. fixed,

b) LA A.J can be rotated sbout ‘i. while the location of A, remains the same.
nk if A, is not at the ccw endpoint of R.', A, can *a repositioned ccw
of its initisl position while LA,A_J is hsld st some fixed angle. In
this way, A. can reach the points iblP the dashed arxcs.

Yigure 6. A £inal segment that is a multiple-iink straight line on the diag-
onsl with 0 between A, and ‘n' where R.' extends counterclockwise
(and possibly clockvi}c) trom the initiil location of ‘i'

show that A. can reach the neighbors of its initial location that lie outside

the circle of radius II.AiA-.II centered at the initial location Py of A;.

To prove that A- can reach its neighbors outside the circle centered at

...................
......................................................
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c) A ac Py

Figure 7. A lies between A, snd 0, and the final segment is s single link.

P;» ve now consider the possidbilities for the configuration of L, ;, and L..
1f I'i. does not lie on the diagomal, or it Li. does lis on the diagonal but has

length no greater than ILAiA.JI. then I.Ait-J can be rotated sbout A, while the

i

configuration between A and A- is rotated about ‘1-1’ In thas way, A. can

i-1
move along arcs of circles centered at ‘i.-l' a8 shown in Figures 7b and 7c.

Now ve can sssume that L, lies on the disgonal and that 1,>ILAA_lI.

Since we are asswming that A. is not on a basic circle, A 178, and 1,%d;
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othervise, L. would be as close as possidle to A° or to 0, respectively. If
A;_; is an elbow, then the configuration between A;_, and A  can be rotated
about A, _, while [A;A_J is rotated about A;. This situation is similar to the
one shown in Pigure 7b. 1If Ai—l is a etraight joint, this joint cam be bent

to move “i closer to 0. 1If LA’.A-J is simultsneously rotated sbout ‘i.' A,

reaches its neighbors outside the circle centered at Pys 88 shown in Figure

7d. )

Now we can assume that ‘1-1 is a fold and lies at the end of a strasight
line of links LAxAi_IJ that begins at some predecessor A‘ of ‘i.-l.' 3y Lemmas
l and 3, A- is not on the boundary of 8- it ‘x is a fold. It ‘x is an elbow,
ve are again in s situation similar to the one shown in Pigure 7b. We can
assume that A‘ does not lie on C (on top of ‘i.) because in that situation, we
could keep the locationm of ‘i. and A; fixed and rotate !'i. and LA:A

i
diagonal, a situation that bas already been discussed. This completes the

-1d off the

proof of the theorem tor the situation in which A- ilies between Ai and 0 and
the tinal segment is s single Link.

Yigure 8. The final segment has a fold at ‘i.#l and placaes Au between Py and
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Iz ‘i lies between A, and 0 and the final segment is a straight line of

i
links containing more than one link, then A.Ill cannot be on the boundary of s-.
This is because the arguement that we just presented for s single link shows
how to reach points in a neighborhood outside the circle centered at P of
radius I[A ]| and the argument given earlier when A, reached beyond 0 shows

how to reach points closer to Pye

Finally, suppose that A‘ lies between Ai and 0 and that the final segment
has a fold at ‘i+l' 1t li' is not a single point, then ‘h can be moved to
reach the neighbors of its initial location. To see this, rotate the final

segment about P; to an off-diagonal position. Now rotate LA . .A_J about A,

i+l"m i+l
to increase and decrease the distance between ‘h and 0 while simultaneously

repositioning ‘1 along R.'. (See Figure 8.)
In every case, ve have found that Ri' must be a single point. U

Now we can describe the general form of a configuration that places ‘i on

the boundary ot s_ but not on & basic circle.

Iheorem 3: Suppose that an arm has deen moved to a configuration that places
Aill on the boundary ot Sn but not on a basic circle. Let Ai be the first joi;t
beyond Ao on C, and let Aj be the last joint before A‘ on C. Then all joints
between Ao and ‘i that do not lie on C are strsight, with the possible excep-

tions of A, , and Aj+1’ If A and Aj+1 are not straight, then they must be

i-1
folds.

Braopt: As noted previously, Lemmas 1, 2 and 3 imply that the final seg-
ment is as described in the statement of the theorem. I1f an elbow appears
before ‘j’ then it leads to a joint on C that by Lemma 1 is not at an endpoint

of the arc(s) it can reach on C. This means that Aj is also at an interior

nw_.
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point of its arc. By Lemms 4, the final segment cannot lie on a diagonal of
C. But the final segment can be rotated about ‘j to both increase and
decrease the distance between An and C. Then since ‘j is at an interior point
ot its arc, ‘j can be repositioned along C so that An sweeps out arcs ot cir-
cles that cover s neighborhood of its original position. (See Figure 9.) This
contradicts the assumption that A- is on the boundary of sn. Hence there are

no elbows before A..

Figure 9. A. is at an interior point of R.', and the final segment is oft
the diagonal, so A- does not lie bn the boundary of s_.

For the same reason that there are no elbows before An. there can be oo
folds connected by straight lines of equal length to superimposed joints om C.
Lemma 3 and its corollary show that there camnot be two or more folds between
joints on the circle or between Ao and ‘i.' Finally, Lemma 2 shows that if

thers is & fold between A  and A, it must be A, ,. U

a. wmnt.ummmns.

The next theorem will help us to treat the situation in which the final

segment lies on a diagonal of C as a special case. Atter that case has been




AR

handled, we will enumerate the configurations having A. on the boundary of §_.

Iheorem 4: Suppose that an arm has been moved to a position that places A- on
the boundary of s_ but not on a basic circle and that the final segment before
A‘ lies on a diagonal of C. Then the initial segment consists of a single

link, Ll‘ vhich is connected directly to the final segment.

Brogt: By Theorem 2, there is at least one joint bdetween A, and A, that

lies on C. Let A, and Aj be the first and last such joints. According to

i

i=1 and ‘jﬂ

in which case they must be folds. Also, the arc of Ri containing Ai must be a

Theorem 3, A are the omly joints oft C that may not be straight,
single point because by Lesma 4, the arc of "j containing ‘j is a single
point. This has several consequences. First, if the initial segment does not
iie on a diagonal, it must consist of & single link. Second, Ao cannot be at
0. Third, if the initial ugnpnt lies on a diagomal of C, it cannot be a
multiple~iink straight line longer than r, the radius of C, nor can it have ‘o

positioned between A, and 0 and a fold at Ay g

Assume that the initial segment lies on the diagonal. If 0 lies between
Ai. and ‘o’ then the initial segment cannot have & fold at ‘i.-l or be a single
link because ‘i would be tixed, contradicting the assumption that ‘o is the
last fixed joint. Since we have alresdy ruled out s multiple-iink straight
line longer than r, we conclude that 0 cannot lie between ‘i. and Ao. Thus it
the initisl segment lies on the diagonal, Ao nust lie between ‘i. and 0. In
this situation we have already ruled out the poesibility that ‘o is at 0 and
the possibility that the initial segment has a fold at ‘i-l' Hence if the
initial segment lies on the diagomal, it must be a straight line ot links ot

length less than r.




Whether the initial segment is a line of links lying on a radius of C or
a single off-diagonal link, Aj (the last joint before Am on C) must be Ai.
Otherwvise, the first intermediate segment would have to be a diagonal chord in
order to prevent its second endpoint from being able to move on C. In fact,
this diagonal chord would have to be the single link Liﬂ' but then Aiﬂ. would

be a fixed joint.

To prove the theorem, we now need only to rule out the possibility that
the initial segment is a multiple~link straight line Lying on & radius. Sup-
pose, for the purpose of contradition, that this is the case. If the final
segment had a fold. at ‘j + = Ai"'l. then Lemma 3 could be applied even though
Aj lies on C, because Aj cannot move beyond C even vhen C is removed. But
Lemma 3 would imply that A‘ lies on a basic circle. It is obvious that the
final segment could not be & multiple-link straight line. If the final seg-
ment consisted of a single link I‘j+1 = L.. A‘ would lie on a basic circle if
I‘j +1 reached as far as Ao. and on the other hand, I‘j+1 could be rotated about
A. to form an elbow if I‘j+1 did not reach to Ao. This rules out all possibil-
ities tor the tinal segment. Hence the initial segment consists ot ome link

if it lies on a disgonmal. U

It follows from Theorem & that if the final segment lies on a diagonal of
C, then An lies on one of at most four "supplementary”™ circles that we are
about to describe. Note that in this situation, there are at most two possible
locations for Al’ corresponding to the two possible orientations for Ll (see

L1J for the detinition of orientation). Then, for a fixed position of Al' Al

- m
lies on a circle centered at Al of radius either 2 lj or, when positive,
: j=2
m
12 - 3 lj. This defines at most four circles, which we call gsupplimentary.
j=3




From now on, ve assume that ‘n is neither on a basic circle nor on a supple-
mentary circle so that we need only concern ourselves with situations in which

mMMmA'MMan;MﬁQ-

In the next .Lemma, we list several configurations that can be moved to
form elbows without ever changing the location of their endponts. Thus by
Theorem 3, these configurations cammot occur between A, and A it A is on the
boundary of 8ll but not on a basic circle. Then we will use these forbidden
configurations in enumerating the possibilities for the whole configuration of

the arm from ‘o to A‘.

In what follows, we willi use the expression xy to denote the infinite
line determined by points or joints x and y. As before, Lxy) will denote a

straight line of links comnecting joints x and y.

Lamma 3: In esach of the contigurations shown in Pigure 10, the locations of

the two endpoints can be kept fixed while the configuration is moved to form

an elbow.
l l
v \'4
Is. Luvl] lies off Ib. Luv] lies oft the diagonal,
the diagonal. v is folded, and |Lxv]I>|Luv]]

it Luv] is a single link.
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v ‘
X X
IIa. Lvx] lies otf IIb. Lvx) lies off the diagonal,
the diagonal. v and x are folded, and

N\

y lies beyond u.

\ A

x y

II¢. Lvx]) lies otf the disgonal, III. Lxyl] lies off the diagomal.
and v is folded.

Figure 10.

Rxoof:

Configurations that give rise to elbows. Arrows indicate the
sngular range for a line of links. A sharp tip indicates that
the endpoint of the arc belongs to the range, and a round tip
indicates that it does not. No order is implied by the letters
at joints: u could come before or after v. There may be addi-
tional joints between the omes that appear in the figure. A
dashed extension of a link indicates that its endpoint may lie on
C.

In Ia and Ib, the locations of u and x can be held fixed while

Luv] 1s rotated about u. This requires that v move closer to x, which can be

accomplished by cresting an elbow between v and x. In Ib, it Luv] contains

more than ome link, v can be moved straight toward u and x by creating an

elbow between x and v and between u and v. Hence Lxv) need not be longer than




Luv] in this case.

In IIa, b, and c, the locations of u and y can be held fixed while Lxyl
is rotated about y. This requires that x move away from u, which can be
sccomplished by opening the joint at v while simultaneously rotating Luvl

about u.

In III, the locations of u and x can be held tixed while Lxyl is rotated
about x. If u and 0 lie on opposite sides of xy (the infinite line determined
by x and y), then y must move away from u. This can be accomplished by open-
ing the joint at v while simultaneously rotating Luv] about u. If u and 0 lie
on the same side of xy, then y must move toward u. This can be accomplished
by closing the joint at v while simultaneously rotating [uv] about u., If u
lies on xy between x and y, at x, or on the opposite side of x from y, then y
must either move away from u, remain at the same distance trom u, or move
closer to u, respectively. The important point is that the required rota¢f

of {uv] about u moves v closer to 0. L

Lemma 5 gives configurations that cannot appear between Ao ead Ah in any
contiguration of the arm that places A.ul on the boundary of sm but not on a
basic circle. We now use this information to enumerate the possibilities for

the configuration of the arm from Ao to Ah' Then from this list we will be

able to determine the additional circles that are needed to cover the boundary
of sm. It is important to note that in Figure 10, u can come before or after

x and y. For example, u can correspond to Ah as vell as to Ao.

ML E R pUAIR L

According to the notation we have been using, the expression Lxyl denotes
a straight line of links bDetween x and y whereas the expression wx denotes an

infinite line (not necessarily containing any links) through w and x. Suppose

| gl e B s amed st et et atat B MRADSRCHS
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the line wx passes through C. We will say that Lxy) lies undar wx if Lxyl) and

0 are on opposite sides of wx and that Lxy) lies gbavs wx it 0 and Lxy) lie om

the same side of wx. (See Figure ll.)

a) . x b) x

Figure 11. Lxyl] lies "under” line wx in a) and “above" wx in b).
Theorem 5: Suppose an arm has been moved to a configuration that places An on
the boundary of s'. but not on a basic or supplementary circle. Then if the
final segment of the arm before A‘ contains more than ome link, it coantains

one of the contigurations shown in Figure 12.

Configuration 1l: L, 1 lies Configuration 2: L. 1
off the diagonal, add A, . lies oft the diagonﬁ
is tolded. 1If LA A.J 1i6d on

I‘j+1’ then ‘o doe$ dot reach ‘n'




Counfiguration 5¢ Either A
or A, , folds back to A,.

Aj-l

_ N\

Configuration 7: Either L. or Lj-l
1s the last link before A_Jwith

length = m(ll .ooo.l.-)o

i=1 is Ao

Configuration 8




Contiguration 9: Either A,y is A, Configuration 10
or A, , is s fold leading %o A, .

Pigure 12. The tinal segment contains more than one link. Notation is the
same as for Figure 10.

Brogf: Since A- does not lie om a basic circle, A- does not lie om C.
Also, Theorem 2 implies that there is some joint strictly between Ao and A,
that lies on C. Let ‘j be the last such joint. Since A- does not lie on a
supplementsry circle, Ajul. 80 1<j<m. This also means, sccording to Theorem

4, that the final segment before A. cannot lie on a diagonmal of C.

We will bresk the proof into two parts. First we will assume that the
final segment before A- has a fold at ‘j +1° and second ve will assume that the
final segment is a straight line LAjA-J consisting ot wmore than ome link.
(Note that the hypothesis of the theorem rules out the possibility of the

final segment consisting of a single link.)
mmmmnt;mnuAj,l in tha final sagment:

Pirst suppose that ‘j is the gnly joint strictly between Ao and A, that

lies on C, Configuration 1 of Figure 12 covers the situation in whaich ‘o is

r connected to Aj by & straight line LAoAjJ. vhere by assumption j>l. This is
", because contiguration Ia of Figure 10 cannot be a configuration in the azrm, so

...........
..................

-----
-------
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I.AoAj,l must lie either om or bemeath the infinite line ‘j‘j#l‘ ¢4 LAoAj.I lies
on ‘j‘jﬂ’ then by IIb, A. does not lie between A° and ‘j‘ Also, A° does not
coincide with A. since A- does not lie on a basic circle. Configuratiom 2 of
Figure 12 covers the situation in whach ‘j-l is a fold. This is because con-
tigurations 1Ib and 1Ilc are forbiddem, so "j msust lie on the diagonal or on
the opposite side of the diagomal trom I.j +° (Note that either ‘o or A. could

correspond to u in comntigurations IIb and 1Ic.)

Next, suppose that ‘j is not the only joi.gt betwveen ‘o and A‘ on C, so
that for some i, 0<i<j, I.Ailj.l is a chord of C. Since IIb is a forbidden con-
figuration, LAiAj.I cannot lie on ‘j“j +1° Configurstion 3 covers the situation
in which uiAj.l lies "above" ‘j‘j +1* This is because IIc is forbiddem., so
I.Ailj.l cannot lie in the open wedge bounded by AjAjﬂ and the infinite line
OAj. snd Ia is forbiddem, so “1‘51 must be a single link. Configurations &
snd 5 cover the situstion in whach I.LiAj.I lies "under” line ‘j‘j +1° To see
this, note that ‘1-1 and ‘j cannot lie om opposite sides of OLi becsuse III is
forbidden, and L, camnot lie above ‘i.“j because IIa is forbidden. Then note
that A, , can’'t be & straight joint because Ia is forbidden. Therefore,
either A, , = A VvV A, , is a fold, as in configuration 5, or A, , lies om C,

as in configurationm 4.

Rxoof for tha cass of a multiple-iink atraight lins final sagmant:

Because Ia and Ibd are forbiddem, ‘j cannot be immediately preceded by a
muitiple~link straight line. Hence either ‘j-l is a fold or ‘j-l lies on C.

Let us comsider these possibilities separately.

Configurstion 6 covers the situation in which ‘j-l is a fold. Thas is
becsuse "j must lie in the closed wedge bounded by AjA- and OAj as la is for-

,
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bidden, and furthermore. as we are about to see, I‘j cannot lie om AjA- or on

OAj. If I'j lay on AjA.. then A- would have to lie on ‘o or between ‘o and ‘j

becsuse IIb is forbiddem. But this would place A- on a basic circle. It L.i

lay on OAj vith 0 between ‘j-l and ‘j’ ‘j would be fixed, and if ‘j-l lay at
0 or between ‘j and 0, ‘j would not lie at the endpoint of an arc of lj.

implying that A- did not lie on the boundary of 8..

Several contigurations are needed to cover the situation in which Aj-l

lies on C. Certainly Lj lies in the closed wedge bounded by AjA. and OAj in
that situation, as Ia is forbidden. There are two cases to comnsider, namely

vhether ‘j-l is, or is not, the first joint past A, on C.

Configuration 7 covers the situation in which ‘j-l is the first joint
past A° on C. The possibility thst the initial segment is a single link or
has & fold at ‘j-z is clearly covered. The only remaining possibility is that
the initial segment is a multiple-link straight line LAOAj_IJ. In that case
lAA;_,] must lie on or below I‘j' because Is is forbidden. Again. configura-

J
tion 7 applies.

Now suppose that ‘j-l is not the first joiat past ‘o on C so that for
some Ai' vhere j-1>i>0, uilj_l.l is & chord. Comnfiguration 7 covers the pos-
sibility thast I‘j is a diagonal chord, s0 we may assume that l.j is oftr the

diagonal from now on.

If choxd uj,‘j-l'l lies sbove "j' then it must be a single link since Ia
is forbidden, and furthermore, this link cannot lis in the open wedge bounded

by L. snd o‘j-l because 1Ia is forbidden. Hence, configuration 8 covers the

J

situation in which LA 1.I lies above L j*

ih;-

Chord L‘i‘j-lj cannot lie on top of I‘j because I‘j and ux‘j-l“ could be
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rotated sbout the coincident joints A,

j and A, to form a fold at "-1’ violat~-

J
ing Theorem 3.

The last possibility is that "Ai‘j-lj iies beneath I‘j' Since i>0, there
is a link I.i to consider. 8ince Ila is forbidden, Li cannot lie om or beneath
chord l“i‘j-l"‘ Therefore, since III is forbiddem. L; must lie either on 0A;
or in the open wedge bounded by OA, and LAiAj_IJ. S8ince Ia is forbiddem, A;_,
cannot be straight. so either ‘i.-l is & fold and configuration 9 applies, or

‘i-l lies on C and countiguration 10 applies. U

The basic idea for handling configurations 1-10 of Theorem 5 is this: In
each case, ve vill show that there are only s constant number (independent ot
the arm) of possibilities for Aj. the last joint before A g 08 C. Then & con-
stant number of circles, at most 8 for each choice of A., can be added to the

J
basic and supplementsary circles to form a collection that covers the boundary

|
of 8 ., This is because A_ must lie on a circle of radius either 2 l.k or
n a8 k=j+l
]
..., - 2 1, sbout A., and A, must lie st one of the endpoints of R., of
I*l o paje2 j j b
which there are at most four. The possibilities for Aj will be determined by
inequalities involving the link lengths that can only be satisfied in a few
vays. Ve have already seen a simple example of this in configuration 7.
There, either Lj is the higher numbered endpoint of the last link ot longest
length before Ao v ‘j is the next joint after that endpoint. For several
of the configurations, somewhst more complicated length inequalities wili gen-

erate the possibdbilities for AJ.. The next three lemmas will be used to find

the additional inequalities that are needed.

lemma f: Consider a comnfiguration of straight lines of links Lvu] and Lwwl

joined st v and constrained to move inside circle C, where v is on Ce vu does
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not lie on the diagonal through v, and Lvw] lies beneath vu. Joints u and ¥
may Or may not lie om C. (Figure 13 shows that the mirror image of Lvuj and
Lvw) with respect to the line through u and v need not lie inside C.) If
{(vwll 2 2Ilvull, then the location of either endpoint of the configuration
can be kept tixed while Lvu] and Lvwl! are moved to their mirror images with
respect to the line determined by the initial locations of u and w. During
this motion, the distance from the moving endpoint to C can be kept within its

initial value.

line
\
\ M
\

b) \

Figure 13. Luv] lies off the diagonal. In a), the mirror image fallis out-
side C wheress in b), the image lies inside C.

Bxogof: It is easy to see that the mirror image of the configuration with

respect to the line uw lies within the circle with v off C if, and only if, v

L g

ea: aerni 4l N

and 0 lie on opposite sides of uw, so that uw intersects Ov at a point
strictly between v and 0. We will first show that [Lvwll 2 2|Lvull forces
this situstion to occur, and then we vill show that the coanfaiguration can be
moved to its mirror image while either endpoint is held t:i.xod and the other is

kept within the proper distance from C.




Assume now that [Lvwl| 2 2ilvul|. We vant to show that uw intersects Ov
at a point strictly between v and 0. For notational convenience, we will
think of 0 as lying at the origin of a Cartesian coordinate system with v on
the negative horizontal axis at (-r,0). P will denote the point (r,0). Note

that Ov is the horizontal axis.

Suppose that uw has non-negative slope. If it intersects the horizontal
axis Ov, it does so to the right of v. Then if uw is parallel to Ov or if it
intersects Ov at P or to the right of P, the perpendicular from v to uw meets

uv on or outside C. Consequently ILvwll < iLvull, a contradiction.

Consider a line M with positive slope that intersects Ov at 0 or between
0O and P. If u and v are placed on this line to minimize the ratio of |Lvull
to {(vwll, then u lies at the intersection of M with the perpendicular from v
and, since vw lies under vu, v lies at the point Q where M meets C. (See Fig-
ure 13.) Hence we want to minimize the sine of the angle between M and vQ,
where Q is on C. For any givem Q, the optimum choice for M is the vertical
line through Q if Q is in the fourth quadrant, and is the line 0Q it Q is in
the third quandrant. Among the vertical lines and the lines through 0, the
minimum ratio is achieved by the vertical line through 0. Hence, the ratio of

ILvull to ILvwll is st least 1/\2, so ILvwll £ \R ILvuli, a contradiction.

Next, suppose that uw has ncga£ivo slope, so it intersects Ov to the left
of P. If the intersection lies outside C, them jLvul| > ILvwil, a contradic-
tion. The intersection cannot occur at v since vu and vw do not lie on top of
one another. It the point of intersection lies at 0 or to the right of 0,
then |lvul| 2 r and |lvw]| < 2z, so Ilvwl| < 2|lLvull, a contradictiom. This
completes the proof that {lvwij| 2 2|lvu)| implies that uw intersects Ov at a

point strictly between v and 0 and hence, that the mirror image of the
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contiguration lies inside C with v not oun C.

Nov we need to showv that when [Lvw)| 2 2|lvull, the configuration can
reach its mirror image inside C by motions that keep the moving endpoint

. within its initial distance from C.

First, suppose that v is to be held fixed during the motions. Rotate the
line of links Lvu] about v down to Lvw], moving u closer to C. Then force u
to retrace its path back to its original location but move [vw] to the other
side of [vul, so that Lvw] rotates to its mirror image position. Note that
the distance between u snd C never exceeds its initial value during these

motions.

Finally, suppose that u is to be held fixed during the move to the mirror
image. Note that (Lvu]l < r since ILvwl]l 2 2iLvull. Rotate Lvw] about v ac::
that v moves awvay from 0 down to C. Then fold joint v while simultaneously
rotating the configuration about u to keep v on C. Note that v is coustrained
by Lvul) to remain within distance 2|Lvul| of C so that w can stay on C uatil v
folds. Then force v to retrace its path back to its original location but move

Llvw] to the other side of Lvul. U

Lemma 1: Suppose that u, v, and v are joints lying on circle C that are con-
nected by straight lines of links Luv] and Lvwl, and that either Lvwl lies
under Luvl] or vsw so that Lvwl] contains no links. Also suppose that Lwx] is a
straight line of Links connecting w to a joint x that lies on C above Lwv] and
on the opposite side of Ow trom u. Then it (Luvl| + |lwxJ| £ d, the confa-
guzation between u and x can be moved to its mirror image with respect to the

line determined by the initial locations of u and x without ever moving u or

removing x from C. (See Figure 14.)
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FPigure 14. |[(uvll + [Lwx]l| < d.

Exagt: Suppose that [Luv)| + |(lwx)| € d. Then ux lies between uv and
Ou, 80 the mirror imsge of the configuration lies inside C with the images of
v and v off C.

The original configuration cam be moved to a positiom in which u, w, v,
and x are collinear and v snd v, if distinct, are folds. This cam be done in
the following way. If wsv, simply straighten the 'jo:i.nt v while keeping u
tixed and moving x around C. If w 2 v, fold v vhile keeping u fixed and mov-
ing v and x around C. (This causes Luv) to rotate about u.) Next, keeping w
tolded, fold v while moving x around C and rotating Luv] about u. This brings
the joints to the desired collinear confaiguration. The fact that |Luvl} +
ILwxJ| € d guarantees that these motions can be made and that x does not cross

Qu.

Note that at each moment during the motions just described, the marror
image of the contigurstiom with respect to the moving line ux lies inside C.
Hence the motions induce legal motions of the mirror image of the initial com-

tiguration that carry the mirror image to the configuration inm which u, v, w,

...................................
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and X are collinear. Hence the mirror image of the original configuration can
be reached by moving to the collinear configuration, where the joints coincide
with their images., and them reversing the induced motion of the mirror image.
U

lLamma 8: Suppose that u, v, v and x satisfy the hypotheses of Lemma 7, except
that X need not lie om C. Then at least one of the following conditions
holds:

i) iluvl] > z3
ii) Ilwxli > =3

iii) The configuration can be moved to its mirror image with respect to
the line through the initial positions of u and x while u is held
fixed and x is kept withan its initisl distance from C.

iv) The contiguration between v and x can be moved to its mirror image
with respect to the line through the initial positions of v and x
vhile u and v are held tixed and x is kept within its initial dis-

tance from C.

Bxoot: We will show that iii) or iv) holds when i) and ii) do not. Note
that if |luv])| £ r and Ilwx]l S r, then the mirror images ot v and v with
respect to the line through the initial locations of u and x lie strictly

inside C.

First, suppose that |lwxJ| > |[Lwwl|. Then Lwx) can be rotated about w so
that x moves avay from 0 uantil x reaches C. Note that this induces a legal

sotion of the mirror image of the configuration. By Lemma 7, the mirror image

of the contiguration between u and x with x on C can be reached. Finally, the
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s . reverse of the induced motions: can be applied to carry the configuration the

rest of the way to its injtisl mirror image.

Next, suppose that |[[wx)| £ [Lwv]] and that Lwxl crosses [uvi. Rotate
Lwx]) about w until x reaches Luv), and note that the mirror image with respect
to ux stays inside C. Hence it sutfices to show that the present configura-
tiog with x located on Luv] can be moved to its mirror image with respect to
{uvi. But u, v, and x already coincide with their mirror images, so we only
need to move w to its image. To do thxq. fold w, moving x to Lvwl. Then make

x retrace its path, but with [wx] crossed over to the other side ot Lvwl] s

that v will reach the image of its initial position.

Finally, suppose that |[[(wx]l £ [Lwvi| and that [wx] does not crose [uvl.
Rotate Lwx] about w so thit X moves closer to C umntil x reaches Lwv]. Then
torce x to retrace its path, but with Lwv] crossed over to the other side of

lwxlJ. U

-

The heart of the proof of the next theorem, which is the main result of

this section, uses Lemmas 6-8 to show that configurations 1-10 of Theoream 5

generate only s constant number of circles to be added to the colliection cov~

ering the boundary of s;.

8 @ et

Iheorem f: If Ah is & non-tixed joint of an arm confined to move inside a

Ve 4t

circle C, then the boundiry of s- can be covered by a finite collection of

circles. This collection contains at most 148 circles snd can be determined

in p(m) time, where p is & polynomial in m.

0 g% s an pu 04 BN ~Dabdh

. Brogf: It follows from Theorem 5 that the boundary of 8- can be covered
by & collection of circles consisting of the basic cizcles (at most 4), the

supplementary circles (at most 4), and circles of radius llll centered at the

..........................................
...................................




endpoints of Rh-l (at most 4) together with circles covering configurations
1-10. In configuratioms 1-5, Am lies on a circle of radiuw lj+1 - l[Aj+1Ath
centered at the endpoint of an arc of Rj. where Aj is the last joint on C
between Ao and Am. In configurations 6-10, Am lies on a circle of radius
I[AjAmJI. vhere Aj has the same definition. Thus each possibility for j in
each of the configurations gives rise to at most four new circles to add to
the collection because Rj has at most four endpoints. Therefore, it suffices
to show that the total number of poscibilitiés for Aj is small, and that these

possibilities can be determined in polynomial time. We wili.do this ome con-

figuration at a time.

In what follows, we will say that a link index is feasible with respect

to a set of inequalities if the corresponding link provides a solutionm.

Configuration 1: 1If LAbAjJ lies on Lj+1 then Am must lie on a basic cirlce.
1t LAbAjJ does not lie om Lj+1’ then Lemma 6 implies that l[AoAle < 21j+1‘
0t course 1j+1 > ILAj*lAhJI. Iiéthete are solutions to these inequalities,
let 8 be the smallest feasible choice tor index j. It is easy to check that

there can be at most one feasible choice for j that is larger than s. Thus,

there are all together three possibilities for Aj in configuration 1.

Contiguration 2: The last link of longest length between Ao and Ah must be

either Lj v Lj+1’ 80 there are -at most two choices for Aj.

Contiguration 3: Lemma 8 implies that lj + lj+1 >ry, and of course
d > 1”1 > 'LAj+1AhJ" 1f tng;e are solutions to these inequalities, let z
be the largest feasible choice for index j+l. Then note that there can be at

most three feasible cHoices for j+l that are smaller than z, giving a total of

four choices for Aj.
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Contiguration 4: The number of choices for the pair of indices i, j+l is at

most m choose 2, and of course 1j+1 > ILAj+1AmJI and 1i > l[AiAjJI.

First, suppose that 1i > r, and if there are solutions to the inequali-
ties including this new one, let s be the smallest index such that for some t,
the pair s.,t is a feasible choice for i,j+l. Note that there can be at most
three links beyond Ls that are longer than r. Hence there are at most four
teasible choices tor i. But choosing a value for i leads us back to confi-

guration 1, so there are at most tyelve choices for j if 1i >r.

Next, suppose that li St and that 1

i+l >r. Since r21 > l[AiAjJI
and 1j+1 > ILAj+1Am]I. Lj+1 must be the unique link of longest length between
A;_; and A;. If there are solutions to the inequalities, including 1, sr

and 1j+1 2 r, let s be the smallest index such that for some t, the pair s,t
is a feasible choice for i, j+l. We have just noted that choosing i = s forces
j*l = t. Now note that any other feasible choice for i between s and t also
forces j+1 = t. Since there can be at most one link in LAj+1A-J that is

longer thanm r, there can be at most one more choice for j+l. Hence there are

at wost Lug choices for j if li S tr and 1j+1 >r.

Lemma 7 rules out the last possibility, that 1i Srand lj+1 S r, 80 all

together there are at most 12+2=14 choices for Aj.

Configuration 5: Let L denote the link of maximum length between Ao and Am

that has highest index. Then either L = Li or L belongs to LAiAjJ or L =

L The possibility that A,

J
longest length was already taken into account vhen configuration 1 was con-

j41° is the lower numbered joint of the last link of

sidered. The possibility that L = Li or that L belongs to LAiAjJ can be han-

¥ dled by returning to contiguration 1 and letting the endpoint of L with the




higher index play the role ot Ab' This generates at most two possibilities

for Aj because LAiAjJ cannot lie om Lj+1 in configuration 5.

Contiguration 6: According to Lemms 6, llAjAth < Zli. and of course,
lj > l[AoAj_lll. If there are solutions to these inequalities, let s be the
smallest feasible choice for index j. Then it is easy to see that there can
be at most one feasible choice for j that is grester than s. Hence there are

at most two choices for Aj.

Configuration 7: There are two choices for Aj. Aj could be the higher indexed
endpoint of the highest indexed link of longest length, or Aj could be the

next joint after that.

Configuration 8: According to Lemma 7, lj-l + lj >d, and of course
lj > ILAjAh]l. If these imequalities can be satisfied, them comsider the
largest feasible choice for j, and note that there can be at most one smalier

feasible choice.

Configuration 9: The longest link that has the highest index is either
Lj v Li' The first possibility was handled in configuratiom 7. In the
second possibility, Aj is uniquely determined by the fact that Lj is the long-

est link after Ai.

Configuration 10: According to Lemma 7, 1i + lj > d. Of course,
lj > ILAjAhJI. l.j > lLAiAj_lJl. and 1, > l[AiAj_IJI. If these inequalities
can be satisfied, let s be the smallest feasible choice for i, and let t > s
be a feasible choice tor j when i = s, Note that t is determined by the fact
that Lj must be the longest link between Ai and Ah. All feasible choices for
i between s and t-1 force j = t. Since 1i + lj > d, there can be at most one

more feasible choice for i, nameiy i = t, and then the j is again uniquely
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determined. In all, there are two possibilities for j. U
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b
'i The total number of choices ifor Aj is at most 34, and since Rj may have as
2 many as four endpoints., this generates at most 136 circles. There were at

most 12 circles initially., so the total number of circles needed is at most

148. U

The bound of 148 is very generous. The important point, though, is that

the bound does not depend on the arm.
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